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Chapter 1

Introduction

-

le.l. Formulation

X A
200

Many decision making problems can be formulated as a 0-1 integer

"
-

T

program. The computation time for the existing algorithms for

solving these problems increases rapidly with the size of the

P

-
-
»

problem. Even with today's computers, sometimes it is not possible

A‘.
o

to obtain optimal solutions for these problems. Therefore, heuristic

-,
2
«ta

‘q procedures can either be used to find a good approximate solution to
vﬁ the problem or to increase the efficiency of an optimal algorithm by
"N
?.J obtaining a good starting solution.
W
.\’
L This thesis presents heuristic procedures for 0-1 linear
o
'
[ programming problems. These are based on Fillier's heuristic
~ procedures for pure integer linear programming [7,16,18]. The
L
:“- original procedures when tested were consistently close to optimal
M .
0
b and frequently had actually been optimal. They were designed for
¢
;i general integer programming prohblems. Therefore, they were mainly
R
f]
‘:; tested on such problems. The aim in this thesis has heen to
)
i)
04 streamline these procedures to exploit the structure of 0-1 integer
$ programming. The procedures were designed for the following pure 0-1
5.- integer programming probhlem.
e 2 n
a0 maximize 72 = I «¢,x,,
“) j:l j 1
&
%
Y subject to
Wy
W
"
Y
% 1
L
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n
jfl aijxj < b1 (1 =1,2, . .,m) (1)
Xy >0 (j =1,2, . .,n) (2)
xj =0 or 1 (j=1,2, . .,n) 3)

Three main procedures have been studied. Some of these

procedures assume some of the following:

oy >0 (G =1,2, . .,n) (&)

1 =1,2, . .,m

a >0 (5)
13 GG =1,2, « .,n)

4 20 1=1, . .,m (6)
cy is an integer (1 = 1,2, . .,n) (7)

Procedure 3 assumes all four. Therefore, it is designed for
multi-constraint knapsack type problems. Procedure 2 assumes (4),
(6) and (7). However, since (5) is not assumed, a problem with
negative objective coefficients can easily be transformed into the
required form by substituting (1 - x;) throughout the model (where x;
also is a binary variable) for each Xy with cy < 0. Procedure 1
assumes only (7) and that the set of solutions that satisfy
constraints (1) and (2) possesses an interior point. Note that any

objective function with rational coefficients can be transformed to

satisfy (7) bv multiplying through by a common denominator.
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The notation used throughout this thesis is consistent with
[16,18). For Procedure 1 and parts of Procedures 2 and 3, the

constraints are normalized so that they become:

n
I a}l.,x, <b!
j=1 137 i
where
' / g 2 (i =1,2, ..,m
a,, = a a
i
Iy (G =1,2, « .,n)
/T 2
' = =
bi bi / La 13 (1 1,2, « .,m).
=1
n
b' is the Euclidean distance from the hyperplane, I aijxj = bi’ to
i=1
the origic.
3
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1.2 Survey of Related Work

Over the past 30 years, there has been substantial research on
developing algorithms for finding an optimal solution for integer
programming problems. In [9] these algorithms are grouped according
to whether they are based primarily on enumeration, Bender's
Decomposition, cutting planes, or group theory. Enumerative
algorithms include those which use implicit enumeration and branch-
and-bound. For the pure integer programming problem, enumerative
algorithms have been developed by Balas [1], Hillier [17], Faaland
and Hillier [7], Geoffrion [8], Glover {10], Hammer and Rudeam [15],
Lemke and Spielberg [22], and Woiler {33], among others. The above
algorithms base their fathoming tests mainly on the logical
implications of the problem constraints. The first branch-and-bound
algorithm; which was developed by Land and Doig [21] for mixed as
well as pure integer programs, bases its fathoming test mainly on
associated linear programs. An improved variation of this algorithm
subsequently was developed by Dakin [5]. Bender's approach [3] is
used for mixed integer programming, since it essentially decomposes a
mixed problem down to solving an alternating sequence of pure integer
and pure linear problems. The cutting-plane approach was the first
general aporoach taken to solving integer programs. The foundations
of this approach were laid by Gomory [11,12]). His algorithms deal
with dual feasible solutions, so that a primal feasible all-integer
solution is not ohbtained until an optimal solution is reached. The
Group Theoretic approach also was intiated by Gomory [13]. Further

studies of this type have been done by Shapiro [27,28,29], Glover

[10], Thiriez [30], and Wolsey [34]). This approach is generally
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applied to pure integer problems. A more recent algorithm by Crowder
et al. [4], uses a combination of problem preprocessing, cutting
planes, and the branch-and-bound technique. Their computational
experience on large scale pure zero-one linear problems has been
impressive.

Because of the significant computational limitations of integer
programming algorithms for obtaining an optimal solution, there has
been considerable research on heuristic algorithms for efficiently
seeking very good solutions that are not guaranteed to be optimal.
Such algorithms have been developed by Balas and Martin [2], Reiter
and Rice [23], Echols and Cooper [6], Senju and Toyoda [26], Hillier
[16,18], Faaland and Hillier [7], Roth {25], Kochenberger, McCard and
Wyman [20], Ibaraki, Ohashi, and Mine [19], and Toyoda [30]. The
ones presented in [2], [26] and [31]) are specifically designed for
the binary integer programming case.

Balas and Martin [2] use the fact that a O-1 program is
equivalent to the associated linear program with the added
requirement that all slack variables, other than those in the upper
bound constraints, be basic. Toyoda [3l] assigns measures of
preferability to zero-one variables that change the values of the
variables from zero to one. Senju and Toyoda [26] start the
heuristic search from an initial solution which has all Xy = 1, and
then the variabhles that provide the smallest contribution to
objective function increase per unit of weighted infeasibility are
o dropped to zero.

) Since the heuristic procedures developed in this thesis for 0-1

integer programming are based on Hillier's procedures for general
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A: integer programming, Hillier's procedures are described in some

.

;3 detail in the next chapter under the label of "Original Procedures.”
‘? Zanakis [35] examined the performance of three heuristic methods
E; (Senju-Toynda [26], Kochenberger et al. [20], and Hillier {16]) when
o

s applied to the 0-1 linear programming problem with nonnegative

> coefficients,

;ﬁ Since the latter two algorithms were designed for general

ir integer linear programming, Zanakis simply added upper bounds of one
- on the variables without any streamlining for this special structure
i€ (not even the upper bound technique for the simplex method). The

L’ effectiveness of each algorithm was measured in terms of computing
,é time, error and relative error. According to the test results,

;S Hillier's algorithm was the most accurate but not as fast as the

\

?3 other two. Xochenberger's et al. heuristic was the fastest of the
LY, three in tightly constrained problems. 1In general, the Senju-Toyoda

algorithm tended to be the fastest, but was the least accurate on
small and medium size problems.

The heuristic algorithms developed here are designed so that

‘O

7: they will be as accurate as Hillier's original algorithms without
1,

ij requiring as much computational effort because they are designed

specifically for the 0-1 integer programming case.

.’
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Chapter 2

Construction of the Procedures

In constructing Procedures 1,2 and 3, the aim has been to
decrease the computation time for Hillier's pure Integer Programming
Heuristic Procedures by considering that the values of the variables
can only be 0 or 1. For Procedures 2 and 3, the additional special
structure assumed also is considered.

The original procedures have a three-phase approach. Phase 1
identifies a general region within which to explore for good feasible
solutions by finding the optimal non-integer solution by the simplex
method and a second point well into the feasible region. Phase 2
searches for a feasible integer solution by moving along the line
segment from the first point to the second to initiate searches.
Phase 3 tries to improve on the feasible solution obtained in Phase
2. The final solution in this phase is the desired approximate
solution.

In the present procedures, certain changes have been made in

X

2 r%e

different phases. In the original procedures, alternative methods

%

o
PR

were introduced for each phase. After examining the test results of

&

s,

the original procedure [16,18], the apparent best method for each

}& X3

phase has been selected. 1In some cases, phases have been changed

L]
LARAAA

T,

L4 48

Ky
oy

completely in order to find a more appropriate method for the 0-1

C

{nteger programming case. Each procedure will be described in detail

AL

in the following sections,
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oy 2.1 Procedure 1
(A -\-‘ -
SN

vy Procedure 1 is based directly on the heuristic procedures for
:-- general ILP in [16]. Therefore, it also has three phases. Certain
N

L%
{ '0

fta changes and streamlining have been incorporated into each phase. The
o
Tl

f** following subsections give a summary description of each phase of the
f*ﬂ original procedures followed by a discussion of the changes and

[

':f streamlining for the O-1 case.

5

5 a. Phase 1

¥"i
N (i) Original Procedures

'!N\
* : Phase 1 of this procedure starts by solving the LP~relaxation of
i-.

. the problem to find its optimal solution x(l). The next step is to
\'.\

}E: find a second point K(Z) well into the feasible region. Phase 1 ends
\ -

*l
e, by constructing the line segment hetween the two points. [16]
) provides two methods (labeled 1 and 2) for finding x(z), (71

ol
-
f:? generalizes the approach to finding a piecewise linear path, and [18]
"
e
e provides another generalization.

Up

§f (ii) Changes for the 0-1 Case
"\:‘

Y
%&ﬁ For the first step, the simplex method with the unper bound
ﬁ;: technique is used to find x(l). Methods 1 and 2 of the original
'."’: (2) .

X procedures do not require that either x or the corresponding

.l
lﬁg rounded solution satisfy all of the constraints (2) and (3) that are
K s not binding at x(l). Therefore, an interior path found by

P

N considering all the constraints rather than only those that are
*t; hinding at x(l) should he more effective in Phase 2. The following
ﬁﬁ" two methods drawn from [7] give pilecewise linear interior paths.
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The first method, which will be denoted as la, generates the
plecewise linear path by obtaining the parametric solution to the

linear program:

max r,

subject to:

n
jfl 2344%5 + 45 < by i1i=12, . .,m
n
I c.x., =2
j=1 371
x, €1
J
(j =1,2, . .,n)
xj>0
r »0
(1)

as Z 1s decreased from its value at x , and then deleting r from

the parametric solution. This method stops when max r reaches its
largest value, and the corresponding solution for x is x(z).
The second method, 2a, obtains the breakpoints of the piecewise

linear path as the hasic feasible solutions (after deleting r)

generated in the process of solving the following problem:

max r,

subject to:
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starting with the initial solution x(l). The solution for x that
(2),

maximizes r is x

For either method, A, can be one of the following:

i

(1)

>
[}

1/2 I |a

jeB 1!

o
[}
[
~
[z
~
™

)
p—
z
~
[
s
-

N
o, = (T aly) (i11)

where B is the set of basic variables from among {xl,xz, . .,xn} in
x(l) and N is the number of elements in B.

An alternative to Methods la and 2a would be to use the linear
path between x(l) and x(z) instead of the piecewise linear path for
initiating the search for a feasible solution. Since both methods
obtain the same x(z), the quicker Method 2a should be used. Using

Method 2a to obhtain x(z) and then simply constructing the linear path
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<
‘."|,
:'v::: between x(1) and x(2) 15 labeled as Method 2b.
M)

Y
::js:: Method la requires a software package that includes parametric
e programming as well as a considerable amount of execution time. The
)
'{% available computer package for this study, Lindo, did not include
;;::' parametric programming. Considering that Methods 2a and 2b require
;‘iﬁ less time, they were chosen for Procedure l. Test results in [7]
e
".:a show that the first definition of Ay should be preferred to the
N

hi v second one, Therefore the first and third definitions are used.
-y When Method 2a is used, the sequence of basic feasible solutions
4

:} generated is recorded and each successive pair is connected by a line
1Vt
o segment to form a piecewise linear path. For Method 2b, only the
line segment joining x(l) and x(z) is used for the search. This
N

o completes

o
i'_:;
Qe Phase 1.
R
¢
A b. Phase 2
fris
3::::' (i) Original Procedures
,‘;;), The aim of this phase is to find a feasible 0-1 solution between
ENY
e the t tnts, x(1) and x(2), found in Phase 1. Method 1 for Ph
i e two points, x and x , found in Phase 1. etho or Phase
(.'.l
:::v'.‘ 2 consists of moving continuously down the line segment from x(l) to
_-3 x(z), rounding to the nearest integer solution, until the rounded
',‘-j solution is feasible. Any point on the line segment can be

1',;\
:}‘-': represented as:
v

< x = (I-a) x' + a x"

"
‘e
t‘ .
‘uﬁ where 0 € a < 1, a 18 first set to 0; if the solution obtained by
N
1o
1§ :
3‘}' 11
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rounding x is feasible, then Phase 2 terminates with this as the
desired feasible solution. 1If the solution obtained by rounding x is
not feasible, then a is increased to the next such that the resulting
x obtained would give a different rounded solution. Phase 2 ends
when a is greater than 1 or a feasible solution is obtained.

Method 2 differs from Method 1 in that a is increased by fixed
amounts and each time the nearby region 1is searched for a feasible
0-1 solution. For each value of a, the first step is to apply
scientific rounding to the components of x in order to ideutify the
nearest integer solution. 1f the rounded solution is not feasible,
then check to see if increasing or decreasing any variable by one
will decrease the "infeasibility” q. 1If there are no such variables,
then go to the next value of a. If there 1is exactly one such
variable, then make this change. If there is more than one variable
that can be changed to decrease the infeasibility q, then select the
one which will give the largest "improvement” p.

Using the notation, (y), = max {O,y}, two alternative
definitions of the "infeasibility” q are the following:

m n

(i) q= T (¢t a!

x. - bl),,
=1 j=1 73 174

which is the sum of the Fuclidean distances between x and each of the

violated constraining hyperplanes;

n

ie{l, « .,m} {jflaijxj - b3k

(i1) q = max

which is the maximum of the Fuclidean distances hetween X and the

12




"‘

»
L) ;
AR

DYONE \ S OC 060 {a Ty
r.f‘l“‘l‘..l‘!‘i....'-.‘:h’ ‘?'l'-'h“.'ﬂ‘-’l‘!.’i.-' !' '-'C. ’ Wh : :‘I!‘

bt de i d e din bt bt A e b g v oo TEF R T varvTe T ey

1

violated constraining hyperplanes.
Three alternative definitions of the "improvement"” p are the

following:

(1) p = -Aq,

where Aq is the change in q resulting from the change in the variable

(i1) p = ¢ bx

8% / (’Aq):

where ij is the change 1in xj being made;

(1ii) p = =-Aq + ¢! Ax

373

where c3 is the normalized value of Cye

The first definition of p is a natural measure for the
"improvement” in infeasibility obtained by changing the value of a
variable Xy, but it does not take into account the change in the
value of the objective function. The second definition of p does
take this into account by selecting the change that increases the
objective function the most per unit decrease in q. Therefore, when
the feasible solution is reached, the objective function value will
tend to be relatively large. The third definition is similar to the
first one except for an added term that also considers the effect on
the ohjective function. This definition encourages large moves

toward the most attractive portion of the feasible region,

I3

N OB T P G P T KOINRAY L. |
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With alternative definitions of p and q, dirferent c¢riteria can
be found for choosing the variable to he changed. Using the notation

1n [16,18], some of these criteria are as follows:

Criterion A: first definiton of p, first definition of g
Criterion B: first definition of p, second definition of q
Criterion C: second definition of p, first definition of q
Criterion D: second definition of p, second definition of q
Criterion E: third definition of p, first definition of q
Criterion S: first definjition of gq. This is a streamlined
approach. As soon as a possible change that yields
an improvement is found, it is implemented without
finding and comparing all the other improving

changes.

Criteria A and B are based on the measurement of the infeasibility
and they do not consider the change in the objective function. When
the original procedures were tested in [18] the results showed that
Criterion A was generally better than B. Since these two criteria

differ only in their definition of g, this suggests that the first

definition of q is superior to the second. For this reason,
Criterion C should be preferred to D. Further testing with the
original procedures [18] has been done to try to distinguish between

the four remaining criteria, A, C, E and S. However, the main

ST

[

:} conclusion is that even though large differences can occur on

e

»

Ca

i individual problems, the choice of a particular criterion does not

o have a strong effect on the average performance of the heuristic
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procedure in the long run.

Method 3 is a combination of Methods 1l and 2., As in Method
1, ais increased at each iteration by the minumum amount required to
obtain a different rounded solution. However, rather than only
checking this rounded solution for feasibility, the nearby region is

also explored as in Method 2.

(ii) Changes for the 0-1 Case

In the present procedure, Method 3 with Criterion A has bheen used
to find a feasible 0O-1 solution between the two points, x(l) and x(z),
found in Phase l. In this case, the components of x(l) and x(z) are
betw:en 0 and 1 and the entire path between them generated by Method
2a or 2b of Phase 1 also has this property, so every rounded solution
along this path is a 0-1 solution. If Method 2a had been used in
Phase 1, the first iteration for Phase 2 starts with x' as x(l) and x"
as the first basic feasible solution in finding x(z). The search is
initiated from the line segment bhetween these two points. If a
feasible solution is found, Phase 2 ends, but {f a feasible solution
is not found, the search is continued from the next line segment,
which is the line joining the first and second basic feasible
solutions obtained in finding x(z). If no feasible solution is found
on this line segment move to the next one, etc., until a feasible
solution is found. Method 2b of Phase 1 ylelds just a single line
segment for Phase 2. Certain adjustments have been made for the 0-1
case in different steps of Method 3. These are as follows. Every
integer solution considered now is required to be binary. Therefore,

when Step 6 of Methods 2 and 3 in [16] determines in which direction

15
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each variable should be changed in order to decrease the
infeasibility, the change would be considered now only if {t would
result in a 0-1 solution.

Phase 2 ends as soon as a feasible solution is found. There is

no guarantee, in general, that this will occur.

¢. Phase 3
(1) Original Procedures

Phase 3 starts with the feasible solution found in Phase 2 and
then tries to improve on it. This was initially done by alternating
two modes. The first mode tries to increase the objective function
value by increasing or decreasing the value of a single variable by
one, at the same time keeping the solution feasible. Two alternative
methods are considered for this mode. When determining how much each
variable can be changed in the favorable direction, Method 1 imposes
integer restrictions on these quantities, whereas Method 2 does
not. Test results in [18] suggested that Method 1 is better than
Method 2. Therefore, since its relative appeal is even stronger in
the 0-1 integer programming case, it was chosen for the present

procedures.

(ii) a. Changes for the 0-1 Case in the First Mode

In Step 1 of Part II in [16], dj; = s4 / laijl where s; is the
slack for constraint i. For the 0-1 case, dij is set to 0 when

Cd
>
cy > 0 and x3 = 1.
v 3 3
Fd

The second mode tries to obtain better feasible solutions by
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‘tﬁ changing two varlables simultaneously.
N
:! !
éﬁ' (i1) b. Changes for the O-1 Case in the Second Mode
1
l'|
h@ In Step 1 of Part IV, in addition to checking the sign of X3 + Gj,
§h a check is made whether x: + §, < |1 before permitting the change §,.
] 3 3
s The other change in this part is that once a change is made on a
"
)
A
=$« variable in the favorable direction, it is never considered again, i.e.,
% Yhat
A
B the loop which goes back to Step 1 from Step 3 is removed. 1In Step 6
,:ﬁ of Part V and Part VI, U, is set to l. In Part VII, after once
)
‘;ﬁ considering a variable for change in the direction which would
S
-
{g decrease the objective functlon value, it is never considered again,
s
‘Q‘ i.e., the loop which goes back to Step 1 from Step 5 is removed.
-
Y
Ly ’l.
N
M The two modes above are applied alternately until no better
SO solution is found. This approach constitutes the first part of the
'f% method that has been used in the present procedures.
[}
3'} (i11) Other Methods from Original Procedures
Ry >
2?3 Three other methods have been considered, namely, Methods 3, 4
Bt
at and 5 from [18]. Method 3 starts with just the first mode of search
‘bﬂ described above before undertaking a new mode of search. Methods 4
¥ ]
0%3 and 5 complete Method ! of Phase 3 (both modes of search) before they
)
¥
A
‘ﬁ start the additional search for further improvement. In these
i; methods, the new modes of search involve changing many variables in
‘t( A
e
‘h': order to reach a better solution. It is computationally infeasible
a0
LWL for large problems to consider all ways of changing several variables

iy simultaneously. Therefore, methods that will efficiently considet
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only promising ways of changing many variables are needed. Let x(L)
denote the current best feasible solution and z(L) its objective
function value. All three methods are initiated by adding a new

L
constraint, c¢x » bo where b0 = z( )

+ 1, to the problem. This makes
x (L) infeasible and reduces the feasible region so that it only
contains better feasible solutions. In all of the methods, one

(L)

begins by moving from x through a sequence of infeasible points
that try to progress to a better feasible solution.

Methods 3 and 4 go through n cycles, in the general integer
programming case, where each one begins by changing one of the n
variables in the favorable direction. The first step in each cycle
gives a new solution which is not feasible. Then a procedure similar
to the one in Phase 2 is repeated. In other words, one tries to
decrease the "infeasibility”, q, by making changes in the variable
which will give the best "improvement” p.

Method 5 is similar to Method 4, but instead of u cycles, there
is only one. It starts with x(L), which now is infeasible because of
the new constraint, cx 2 bo. It then follows a procedure similar to
the one in Phase 2 for finding a feasible solution. As adapted here,
each iteration consists of finding which variable would give the
largest “"improvement”™ p according to Criterion A if the variable were
changed to its other binary value, and then making that change.

Sometimes, largest p might be negative so this change will
increase the infeasibility. Thus 1t might be necessary to move away
from the feaslible region initially, in order to be able to eventually
find a better feasible solution. It {is possible that a feasible

solution 1is never reached. Therefore, to avonid moving away from the

18
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oo feasible region indefinitely, an upper limit, 100 is imposed on the
'

$:¢ number of lterations.

w Both Method 3 and Method 4 require more than some multiple of

‘S

*EE mn2 elementary operations, so that the running time grows rapidly
1

\._‘ with the size of the problem. Furthermore, previous testing [18]
s suggests that Method 5 tends to do beter than Methods 3 and 4 in

- o
PRTRA ]
Py

- .l‘.-\ ." :' »

reaching a better feasible solution that requires changing many

variables, apparently because of its drifting ability. ;

-
':f (iv) Changes for the O-1 Case

") Method 5 has been chosen for the present procedures. The only
change from the description in [18] is that the only trial solutions

SN considered now are 0-1 solutions.
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2.2 Procedure 2

This procedure assumes (4), (6) and (7). It starts with all the
variables at 0, which is a feasible solution for (1) - (3). 1t then
tries to raise the most promising variables to 1. This is done by
finding how much each variable can he increased before it becomes

infeasible according to (l). In particular, let

for 1 = 1,2, « «y,mand j = 1,2, + «,n,
and
R, = min K for § = 1,2, « .,n.
1 b4 1] » ’
J i=1,2,..m J

Then Rj indicates how much the variable xj can he increased before

violating (1). Now let

Range (xj) = [Rj] z (greatest integer <« Ri) .

for j = 1,2, . .,n.

[f there are k or more variables with Range 3> k, then this means that

k of these variables can be set to 1l while retaining feasibility.

‘.
~

Because of (4), increasing any variable xj to 1 can only increase

> %
PP

z(c1 > 0) or leave it unchanged (cj = 0).

Each {teration begins by finding the largest integer k such that

20
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o
;5 at least k variables have its Range > k. If there are exactly k
L)

o
k‘ variables with Range > k, then set all of them to l. If there are
N more than k such variables, then set the k such variables with the
¥

*

'3 highest objective row coefficients to 1.

Y After setting k variables to 1, the right hand side is adjusted
& in the following way. Let D be the set of indices of the k variables
?

: which were just set to l. Reset

o»
4
L

n

- b, =b, - I a,.x for i = 1,2, « .,m.

) [ Rl | ’

¢ i i jeb 1i7]

4

[

)

% New values are found for R and Range with the adjusted bi's. The
: same procedure is repeated except for the variables which are already
L

)

:: at 1. These variables are not considered again. This part of the
g

:' procedure ends when Range is equal to O for all the variables. The
M above process can be summarized as follows:
b )
4
' [}

b 1. Set E = .

|

- 2. Calculate Kij for 1 = 1,2, . «,mand j = 1,2, « .,n.
&

'«
' 3. Calculate Rj for § = 1,2, « «,n.

o

>

! 4, Calculate Range(xj) for j = 1,2, « .,n.

I 5. Determine the largest integer k such that there are k or more
>
W variables with Range » k, and add the variables with
)
K Range » k to the set E,
i3

s 6. If k = 0, then go to step 8. Otherwise, if E has exactly k
R
ﬁ’ elements, then set all of them to 1; if E has more than k
K elements, then just set k varfables in E with the highest
" objective row coefficients to 1.
::.

[
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7. Adjust the right hand side and return to step 2.

8. Stop.

The above process constitutes the first part of this
procedure. The second part starts with the feasible solution
obtained from the first part. It then tries to improve on it.
Method 5 of Procedure 1 is used here. Before starting Method 5, the
problem is normalized. Therefore, Procedure 2 differs from Procedure
1 in that Phases 1 and 2 of Procedure 1 is replaced by the first part

of Procedure 2 for finding an Iinitial good feasible solution.

22

L St &




0

b

‘g

‘f 2.3 Procedure 3

Eﬁ& Procedure 3 is similar to Procedure 2 in that it tries to find a

o feasible solution in the first part and then adopts Method 5 of

?:; Procedure 1 to find a better feasible solution in the second part.

?E? Both procedures assume that by > 0 for 1 = 1, . .,m and ¢y » 0 for

! j=1,2, . .,n, whereas Procedure 3 also assumes that ajy > 0 for

:ES i=1,2, . +y,mand j = 1,2, . .,n. The first part of Procedure 3

:éﬁ also starts with all variables at 0. The most promising variables to
2 be set to 1 are found in a slightly different manner. R is found in :
EE the same way as before. Now a new quantity ;

G' Pj = cj R i

5

n;t is calculated for each variable. This is a measure of how

28 "profitable” (increase in the objective function) each variable can
i? be if it alone were to be increased as much as (1) permits. In

%%E actuality, any variable that is increased would be increased to 1.

J It is desirable to choose the variables to be increased in a way that

.

,*E: will allow further improvements. Therefore, it 1is necessary to

P

1*3: consider the coefficlents of each variable in the functional

Q‘ constraints (l). Choosing a variable to increase that has a
.z relatively small sum of these coefficients should tend to leave

relatively good opportunities for further improvements by then

increasing other variables. Let

for j 1,2, + «,n.
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(If the coefficients of variables in different constraints differ
significantly, then (1) needs to be normalized as shown at the end of
Section 1.1 in order for A to make sense in the rest of the
procedure.) The measure which determines which variable to set to 1

is

Ratio(xj) = Pj / Aj, for j = 1,2, o «,N.
It is desirable that Pj be as high as possible and Aj as low as
possible, When Aj is 0, set Ratio (xj) =+, If Pj is 0, then set
Ratio (xj) = 0. The variable maximizing Ratio is then set to 1.

This completes one {teration. To start the next iteration, the right

ha.d side 1s adjusted by resetting

bi= b1 - aijxj’ for 1 = 1,2, . .,mand j = 1,2, . .,n,

for purposes of recalculating the Rj. Once a variable is set to 1,
it is never considered again and so is never changed to 0 during this
part of Procedure 3. The iterations for this part end when none of
the remaining variables can be increased to one while retaining

feasibility. The above process can be summarized as follows:

l. Calculate Rj for j 1,2, . «,n.

2. Calculate Pj for j 1,2, . «.,n.

3. Calculate Aj for(j 1,2, « «,n.

4., Calculate Ratio (xj) for j = 1,2, . .,n.
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. 5. Determine the variable X, which maximizes Ratio. 1f Ratio
N} (x,) = 0, then go to step 7; otherwise, set X = L.
6. Adjust the right hand side and return to Step l.

{ 7. Stop.

The second part of the procedure starts with the final feasible
o solution from the first part and improves on it by Method 5 of

K Procedure 1.
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i Chapter 3
§4 Computational Experience
-+ In order to evaluate and compare the three procedures described
>
T
- in Chapter 2, Pascal programs were written for each and run on a
g <
>

NEC20 system at Stanford University. The procedures were tested on
W 73 problems. Fifty seven of these were generated randomly, where 8
-*l
oy of these were of Type I, 16 were of Type II, 21 were of Type Il' and
o)
;' 11 were of Type III. The types are as described in Table I, where
’ the parameters are integers randomly generated for the indicated
iy
o intervals.
i
W3
O

Table 1
N
-: DESCRIPTION OF THE RANDOMLY GENERATED TEST PROBLEMS
-\
Problem Type

. Parameter
L) 1)
5 I It It II1
. cy' [-20,80 ] [ 0,100 ) [ 0,100 ] [0,100]
) ajy’ [-40,60 ] [ 0,100 ] [ 0,100 ] [0,1 ]
;‘ by [ 50,200] [400,1600] [300,1200]) 1
o X 0-1 0-1 0-1 0-1
-, 3
Vs,
L Letting m he the number of functional constraints and n the
o
")

number of variables, eight problems of each type have m x n = 15x15;,

and the other are larger (such as 15x30, 30x15, 30x30, 60x30, 60x60,

60x120, 60x300). For the problems with n » 300, the range of the
right hand side was changed to [4000,8000]. Seventeen of the problems
tested were standard test problems in the literature-—Haldi's IBM

problems (#4 and #6) and nine Allocation Problems reproduced by




™
o

;‘% Trauth and Woolsey [32], four problems given by Petersen [23]), two
ﬁa' problems given by Senju and Toyoda [26], and four problems from

X Hillier [17]. These problems are denoted in the tables by Haldi, A,
4
s% Pet, ST, and H respectively.
b
ﬂ' Table Il presents a comparison of two definitions of ;s (i)
e and (iii1), and two Phase | methods. The last column of Table II
gﬂ shows the difference in the quality of the final solution obtained
2& for each of these eight problems with each method in Phase ! and each
& of the definitions of A;. The measure of quality used throughout
N

.
:;- this chapter is the "normalized deviation” from the optimal solution
HY
;? x(°pt), where the normalized deviation from optimality for a solution
e
'y
N x is defined as
&
2
. exopt) = cx

ppyehniainie 1
/ n

: 2

:* L c,
'.{,i =1
o8
-4 (opt) .

o7 where x has been obtained by Lindo. The geometrical

Ny
T interpretation of this quantity is that it is the Fuclidean distance
A

Yy from x to the hyperplane c¢x = cx(OPt).
‘3 The times given throughout this chapter are CPU times in

é\
o seconds.
L1
%f In Phase 1 of Procedure 1, Lindo has heen used on the DEC20
;é’ System to ohtain x(l) and x(z), as well as the basic feasible

I (1) po x(2)
KA solutions generated in moving from x to x « The times given
40 &

y
‘gl
'é under Lindo in each tahle are the times used by Lindo to obtain x(l)
I and x(2),  Two definitions of 4, (i) and (iii), bhave been

-
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K}
i
N . Table 1I
v COMPARISON OF TWO DEFINITIONS OF Ay, (1) AND (1i1)
& AND TWO PHASE 1 METHODS
Wy Problem type Normalized
_‘-: m n & number Ai Method CPU time Dev.
x 15 15 1-1 (1) 2a 6.42 0.109
15 15 I-1 1) 2b 1.87 0.109
0 15 15 1-1 (111) 2a 7.17 0.109
X 15 15 I-1 (111) 2b 1.73 0.109
N 15 | 15 1-2 (1) 2a 2.99 0
. 15 15 1-2 1) 2b 1.95 0
N 15 15 I-2 (111) 2a 7.38 0
B, 15 15 1-2 (111) 2b 2.13 0
- 15 15 1-3 1) 2a 12.9 0.248
- 15 15 1-3 1) 2b 6.14 0.248
[ 15 15 I-3 (111) 2a 14.74 0.248
R 15 15 I-3 (111) 2b 6.52 0.248
+ 15 15 -4 1) 2a 13.38 0.108
15 15 I-4 (1) 2b 4.35 0.108
15 15 I-4 (111) 2a 12.49 0.108
. 15 15 I-4 (111) 2b 3.12 0.108
Y 15 15 1-5 (1) 2a 15.49 0
j 15 15 1-5 (1) 2b 2.83 0
> 15 15 1-5 (111) 2a 14.79 0
n 15 15 1-5 (111) 2b 2.67 0
o 15 15 1-6 1) 2a 15.70 0.363
15 15 1-6 (1) 2b 2.08 0.363
15 15 I-6 (111) 2a 15.93 0.363
[ 15 15 1-6 (111) 2b 1.99 0.363
N 15 15 1-7 1) 2a 16.80 0.063
b, 15 15 1-7 (1) 2b 1.96 0.063
' 15 15 1-7 (111) 2a 15.77 0.063
L 15 15 1-7 (111) 2b 2.34 0.063
. 15 15 1-8 (1) 2a 12.52 0.284
2 15 15 1-8 1) 2b 2.51 0.284
(A 15 15 I-8 (111) 2a 12.48 0.284
"~ 15 15 1-8 (111) 2b 3.38 0.284
.
N Average 0.147
t
N
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tested on eight Type 1 problems. Even though the optimal value of r
(2)

and the corresponding values of x were different for each
definition of Ai’ the eventual solutions obtained by Procedure 1 were
exactly the same for each problem. Therefore, only one definition

of Ai was used in the rest of the testing process. The one chosen
was the first definition (i), since it requires less computational
effort. On the problems tested, Method 2b has been much faster and
has given the same final solution from Procedure 1 as Method 2a, as
suggested by Table IT, so only Method 2b was used on the subsequent
problems.

However, in general, Methods 2a and 2b do not necessarily lead
to the same final solution. Furthermore, on problems where it is
difficult to find a feasible solution in Phase 2, the chances of
being successful should be better with Method 2a than 2b. Therefore,
one can use Method 2a where a feasible solution is not found by
method 2h. One explanation for the two methods giving the same final
solution on the first eight test problems might be that in the 0-1

(2)

case, the basic feasible solutions obtained in getting x

(2)

might not
be very different from x when rounded. Therefore, rounded
solutions used as the starting points for the Phase 2 searches for a
feasible solution might not be very different for the two Phase |
methods. One should also add that, in the general integer
programming case, the situation would be different.

The three procedures have heen compared according to the quality
of their final solutions and their running times. A summary of the

performance of these procedures is given in Tables [II, 1V, V and

VI. Procedures 1,2, and 3 were run on 16 Type [l problems and Table

29
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IIT shows the resulting average normalized deviation from optimality
and execution time for each problem, as well as the overall averages
and the percentage of the problems for which an optimal solution is
found. Even though Procedure 2 seems to be faster, Table III
strongly suggests that its solutions tend to be inferior to those
from Procedures 1 and 3 for this type of problem. Procedure 1
nbtained the optimal solution 25% of the time, as compared to 31.3%
for Procedure 3. Even though these are not very high percentages,
the average normalized deviation from optimality in both cases was
very low, 0.07 for Procedure 1 and 0.06 for Procedure 3. This
suggests that solutions obtained by these procedures are, in general,
very close to optimal. When the best solution for all three
procedures were taken, the resulting solution was optimal 507 of the
time. Therefore, another way of finding an approximate solution to a
problem would be to run all three procedures on the problem and take
the best solution ohtained.

Another situation to be tested is the case where the problems
have smaller feasible regions. Type II' problems are a modified form
of Type II problems, where the range of the right hand side has bheen
scaled down.

The three procedures were run on 18 Type II' problems, and the
results are shown in Table IV. In comparison to Table [II, the
percentage of solutions that are optimal has actually Iincreased from
25% to 27.8% in the case of Procedure l. For this procedure, there
is a very small increase in the average normalized deviation from
optimality, from 0.07 to 0.08. The average normalized deviation from

optimality for Procedure 3 1is close to this, 0.09, but the percentage

30
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__3 of optimal solutions has dropped from 31.3% to 11% for the Type 1I'
". problems. Procedure 2 has again done worse than these two. The
Q- results suggest that Procedure 3, in general, finds good approximate
gs; solutions for the problems, but Procedure 1 is more consistent in
:: finding optimal solutions. It also suggests that Procedure 1 is not
“" affected by the size of the feasible region for a problem. However,
g considerably more testing would be needed to draw statistically

o

" 3 significant conclusions.

o Procedure 3 cannot be used on Type I problems, so only Type II,
B A

.\ﬁ I1' and II1 problems can be used for comparing all three procedures.
t,a. The results for Type III problems are given in Table V. The H series
::~ from Hillier [17) also are Type III problems. Contrary to the

";’: previous test results, Procedure 2 seems to do very well for this
vl
; type of problem since it found the optimal solutions for 66.7% of the
N Type 111 problems. The other two procedures did quite well for this
;&.3 type of problems as well, namely, 40% and 26.7% for Procedures |l and
'
i: 3, respectively. The average normalized deviation from optimality
} was very small for all three procedures.

":’3}{ The reason for Procedure 2 doing so well for Type III problems
Ez and so poorly on Type II problems apparently is that Procedure 2
__, tries to assign the value of 1| to as many variables as possible.
-.E This strategy does not allow for further changes in the other

s

":‘: variables. 1In Type III problems, only very few of the variables
equal 1 in an optimal solution, so the Procedure 2 strategy works
:;g very well.
B

"w Comparing Tables II, III, IV and V, it can be deduced that all

three procedures give better quality results on Type IIL problems.
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Procedure 1 seems to be more consistent than the others in its
quality of results for different types of problems.

The growth of execution time for each procedure on larger
problems (n > 15) can be seen in Tables IV and V. Procedures 2 and 3
solved problems with n € 120 in less than 10 seconds for all but one
problem. The execution times for Procedure ! tend to be considerably
larger, but it still was less than 2 minutes for a problem with
n = 120. 1In general, for the three problems with n > 300 the
execution time did not increase rapidly (if at all) as n was
increased. Because of the size of these problems, optimal solutions
were not ohtained. Therefore, no normalized deviations are given for
these problems.

Table VI shows the changes in the objective function value (Z)
in different parts of the three procedures. Z; is the objective
function value at the end of Phase 2 for Procedure l. Tn Procedures
2 and 3, it is the objective function value at the end of the first
part of these procedures, before applying Method 5 of Phase 3. Using
the labeling of parts for Method 5 given in [16,18], Z,, Z,, Zg, Zg
and Zy are the objective function values at the end of parts 2,4,5,6
and 7, respectively, in the last iteration (if any) where an
improvement was obtained in that part. Zg corresponds to the
objective function value ohtained at the end of the Phase 2 type of
search in Method 5. Table V1 shows that the solutions were very
rarely improved in parts 4,5,6 and 7, whereas the Phase 2 type of
search of Method 5 improved the results more than 25% of the time.
More improvements were made on 7| in Procedures 1 and 3 than in

Procedure 2. This strengthens the argument that once variables are
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set to 1 in Procedure 2, they do not readily allow further
improvements. Procedure 3 in its present form gives very good
solutions and is very fast. Furthermore, if parts 2-7 of Method 5
are removed, the algorithm will become much faster. On average, this
should not decrease the quality of the results significantly. For
all three procedures, the quality of the final solutions perhaps can
be improved by increasing the number of iterations allowed in Phase 3
or by trying the second part of Method 4 (without Method 1) in Phase
3.

Because all three procedures continue with the identical method
(Method 5 of Phase 3) after obtaining 21, the 7, columns of Table V1
provide a direct comparison of the parts that differ. This
comparison again suggests that Procedure 2 {s quite inferior to the
others for Type II and Il' problems, but probably the best for Type
IIT problems, where Procedure 1 and 3 perform about the same for all
the types.

Table VII gives test results on some standard problems from the
literature. The A serles prohlems are single constraint allocation
problems. They were designed to test the sensitivity of algorithms
to small changes in the right hand side of the prohlem. Therefore,
the nine problems are the same except for their right hand stdes.
For two of these problems, A-5 and A-9, Lindo had found the optimal
fateger solution as x(l), so Procedure 1 was not tested on these.
The best solution ohtained by the three procedures was optimal in
five out of the nine problems. Two Haldi problems were only tested
on Procedure 1 because the right hand side and the A matrix have

negative elements. Even though Procedure ! found the closest
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possible approximate solution to the optimal solution, the normalized
deviation from optimality is large because the ohjective row
coefficlents are small (all 1's). 1In the Pet and ST series, even
though the solutions ohbtained were not optimal, the best solutions
obtained from all three procedures have small normalized deviations
from optimality.

Table VIIL give a comparison of the best solution obtained by
all three procedures (fourth column) with the solution obtained by

the pivot and complement algorithm developed by Balas and Martin [2].

Table VIII

COMPARISON WITH BALAS-MARTIN ALGORITHM

Best Solution Balas-Martin
Problem m n

'zopt = Zpeyl ’zopt ~ Zpeyl

|Zopt| |zoptl

PET-4 10 20 0.017 0
PET-5 10 28 0.003 0
PET-6 5 39 0.240 0.0028
PET-7 5 50 0.005 0.0023
ST A 30 60 0.021 0
ST B 30 60 0.010 0
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R
A
0
:ﬁi Chapter 4
G
b¢§ Conclusions
.-
e
‘g¢ A heuristic algorithm aims at obtaining a very good feasible
ﬁ?. solutfon relatively quickily. Although the primary motivation of the
R present algorithms was to provide an efficient way of dealing with
}
Téi the frequently eacountered integer programming problems that are
TR
y%; beyond the computational capability of exact algorithms, heuristic
.f{ algorithms also can be useful on smaller problems by providing an
W
:g; advanced starting solution to accelerate an exact algorithm.
3%% This thesis presents three heuristic procedures for certain
xli classes of Binary Integer Programming problems. The construction of
;E the procedures was given in Chapter 2. These procedures can be used
jfj to efficiently obtain a very good (but not necessarily optimal)
INK‘ solution for problems that are too large to be solved exactly. In
ngg fact, test proablems with up to 500 variables have been successfully
;::: run with only modest exception times. For smaller problems, they can
f:% be used to ohtain a good starting solution for the exact algorithm.
t; The procedures were tested on different types of problems to
'?2‘ evaluate their effectiveness and efficiency, as reported in Chapter
baﬁ 3. The procedures have tended to perform differently for different
:32 types of problems. Procedure 2 tends to give better quality
:;3 solutions for Type [II problems, while quite consistently doing worse
;;4 than the other two for Type II problems. FEven though Procedures 1
’Eﬁ and 3 seemed to have similar performances on most types of problems,
555 Procedure 1 seemed to be slightly superior to Procedure 3 on the
g average regarding the quality of the final solution. However,

% 4, T, ACR ALY O A T AT LR R PR UL (O ’ A I R L PATANNE : » »
L X ) p\\. M :".l X <L X . AV YWy o‘. LYY P"R ~ 72 ot ,., - .’..!'..k.!l .tt"ﬁii_n \ ~ h » \ !’.u\‘ Wt &0 A ".\ﬁ!‘cl!'ﬂl.a'!.:h *' !’l A



Procedure 1 is somewhat slower than the other two. More testing
needs to be done to obtain statistically significant comparisons.

Solving a problem by all three procedures and taking the best
solution is a promising method. The execution time for all three of
these procedures should be relatively insignificant, compared to the
time needed by an exact algorithm for large problems.

Parts 4 to 7 of Phase 3 (used in all three procedures) very
rarely improved the results. Therefore, these parts can be deleted
from this phase, which will significantly decrease execution time.

In Phase 1 of Procedure 1, it appears that the first definition
of Ai and Method 2b are appropriate choices.

Method R1-R3-5 of [18] had given very powerful results. This is
another combination of methods that can be tried for the 0-1 integer
programming case. Only six test problems were available for
comparing Balas and Martin's pivot and complement algorithm with
these three procedures, but the limited results strongly suggest that
the pivot and complement algorithm is superior in the quality of the
solutions obtained. More testing needs to be done for a definitive
comparison of effectiveness on different types of problems. No
comparison of the execution times was made since testing was done on
different computers and in different programming languages.

One 1mportant area for future research would be to extend these

heuristic algorithms to mixed integer programming.
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-, APPENDIX

12N This appendix presents the Pascal code for Procedure 1. The labeling

4‘ of different parts and phases are in accordance with [16,18].
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f".‘-; The limited success of exact algorithms for solving integer programming |
el problems has encouraged the development of heuristic procedures for

.- efficiently ’obtaingng solutions that are at least close to optimal.
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"; This thesis presents three heuristic procedures for 0-1 integer

:.j_': programming problems having only inequality constraints. These procedures

.- are based on Hillier's previous heuristic procedures for general integer

o linear programming. All three were successfully run on problems with up to

500 variables with only modest execution times. The quality of the solutions

'::_* for these problems were, in general, very good and often were optimal. When

e the best of the solutions obtained by the three procedures was taken, the

-,"5.:-: final solution was optimal for 24 of 45 randomly generated problems.
T

These procedures can be used for problems that are too large to be
computationally feasible for exact algorithms. In addition, they can kte
useful for smaller problems by quickly providing an advanced starting
solution for an exact algorithm. -

—————

7
-“l -

o
i

-

f‘.l

eSS

5

L Shenalt
‘.l‘ l..ll,l/l.}l:.

SECURITY CLASSIFICATION OF TV'® PAGE(Whe. +1e Entered)

L S e I N Y e e T A )}m






